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1 Appendix

A.1Important terms

For the theoretical investigation of dichotomization methods, we considered
a true threshold of X called T" such that Py_; x>7 > Py—_ix<7. For each
possible threshold chosen, t,, there are three possibilities: ¢, < T, t, =T, and
t, > T. Each possible threshold, ¢, creates new cell values of a 2X2 contingency
table.

1. t, <T

a = Px>tPy_1x>7 + (Px<1 — Px<t,)Pr=1)x<T
b= Px>¢, — (Px>1Py=1)x>7 — (Px<1r — Px<t,)Py=1)x<71) (1)

¢ = (Px<t,)Py=1x<r
d=(Px<t,) — (Px<t,)Py=1x<r

2. t, =T,

a = Px>rPy_1x>7
b= Px>1 — Px>1Py_1)x>1
c=Px<rPy_qyx<T
d= Px<r — Px<rPy—1)x<T

3.t >T

a=Px>t, Py—1x>T
b= Px>t, — Px>t,Py—1|x>1
¢ =Px<rPyyx<r + (Px<t, — Px<1)Pr=1x>T

d= (Px<t, — (Px<rPy=1x<r — (Px<t, — Px<7)Py=11x>7)

A.2 Proof of Theorem 1 for Youden’s Statistic

Let X be a random variable and Y a dichotomous variable. Also, let T be
a threshold such that, Py_i x> > Py—ijx<7. There are three possibe cases
that can occur when selecting a threshold for X, ¢,: (1) ¢, < T,(2) t, =T, and
(3) ty > T'. The expression for the Youden’s Statistic, ;% + b_%d — 1, for each
case can be found using the expressions for a,b,c, and defined in equations 1,
2, and 3. We can then show that the Youden’s Statistic is maximized when
t,="T.

A.2.a Consider the case where Pys:, > Pxs>7. Start with what is given

Py_1x>7 > Py=11x<r
Multiply both sides by Px>r



Px>rPy_1x>17 > Px>1Py=1)x<T
On the I‘lght hand side, let PXET =1- PX<T

Px>rPy—ix>7 > (1 = Px<r)Py—1)x<T
Add Px <1 Py_1x<7 to both sides
Px>rPy—1x>7 + Px<rPy—1x<7 > Py=11x<T

On the left hand side let Px>7Py—_1|x>7 + Px<rPy—1|x<7 = Py=1
Py—1 > Py_1x<r

Multiply by P, «x<T

P «x<rPy=1> P, «x<rPy=1)x<T

Note P;, « x<7=Px <17 — Pr<t,

PxcrPy=1 — Prct, Py=1> Pi,«x<1Py—11x<1
Add P, Py—1 to both sides

Px<rPy=1> P, «x<rPy—1)x<7 + Pu<t, Py=1

Subtract PxcrPy—1Py_q1x<r from both sides

Px<rPy=1 — Px<rPy=1Py_1x<T
> P <x<rPy—1x<7 + Po<t, Py=1 — Px<rPy=1Py—1)x<T
On the right hand side, split Px <7 Py=1Py—1|x <7 into Py, Py =1 Py—1x <7+
Py «x<rPy=1Py—1x<T

Px<rPy—1 — Px<rPy=1Py—1\x<7 > Pt,<x<rPy—1)x<T
+ Pect, Py=1— Poct, Py=1Py—1\x<7 — Pro<x<rPy=1Py—1|x<1

Add (1 — PY:I)PXZTPY=1\x2T to both sides

(1= Py=1)Px>1Py—12>7Px<1Py=1 — Px<rPy=1Py_1|x <1
> (1 = Py—1)Px>7Py—1ja>7 P, <x<7Py—1)x<T
+ Poct, Py=1— Poct, Py=1Py—1x<7 — Pro<x<r7Pr=1Py—11x<T

Factor both sides
(1 = Py=1)Px>7Py—1je>17Py=1(Px<r — Px<TPy—1)x<T)

> (1 = Py—1)(Px>7Py—1ju>7 + Pro<x<7Py=1)x<T)
+ Py—1(Pr<t, (1 = Py—1|x<71))



Divide both sides by (1 — Py41) and Py—;

(1= Py=1)Px>1Py—1jo>7Py=1(Px<r — Px<1Py—1)x<T)
(1= Pyy1)Py=1
- (1 = Py=1)(Px>1Py=i1jo>1 + Pro<x<rPy—1)x<1) + Py=1(Po<t, (1 — Py—1|x<71))

(1= Pyi1)Py—
Simplify
Px>1Py—1ja>7  (Px<r — Px<rPy—1)x<1)
Py, (1—-Py_1)
(Px>1Py—1ja>1 + Pro<x<7Py—1)x<T)

Py

Prct, (1 — Py—11x<7)
(1—-Py_y)
Subtract 1 from both sides

Px>1Py_1jz>7 (Px<r — Px<rPy—1)x<7)

Py_ (1—-Py_y) !
(Px>1Py—1ja>7 + Pry<x<7Py—1)x<71)
Py
Poct,(1 = Py—yx<r) 1
(1= Py=1)
‘We have
at, =T di,=1  _ _ Gt,<T di,<r
(a+c)y,=r  (b+d),=1 (a+ i, (b+d)i,<r

Thus, Youd;, =7 > Youd;, <.
A.2.b Now consider the case where Px~; < Pxs7p. Start with what is
given
Py_q\x>17 > Py—11x<T
Multiply both sides by Px <7

Px<rPy—11x>1 > Px<rPy—1)x<T
On the left, let PX<T = (1 — PY:1|XZT)

Py_y\x>17 — Px>1Py—1x>17 > Px<rPy=11x<T

Add Px>1Py_1 x> to both sides



Py_y\x>17 > Px<rPy—11x<7 + Px>17Py—1)x>T
Note Py—1 = Px<rPy=1jx<r + Px>1Py=1)x>7

Py_11x>17 > Pr=1

Multiply both sides by Pr<x«t,

Prex<t,Py—1x>1 > Pr<x<t,Py=1

Subtract Pr<x<t, Py=1Py—1|x>7 from both sides

Prex<it, Py—1)x>7—Pr<x<t,Py=1Py—1x>17 > Pr<x<t, Py=1—Pr<x<t, Py=1Py—1)x>7

Let Prox<t, = Px>1 — Px>¢,

(Px>1—Px>t,)Py—1)x>7—(Px>1—Px>t,)Pr=1Py—1|x>7 > Pr<x<t, Py=1—Pr<x<t, Py=1Py—1|x>1

Distribute

Px>1Py_1x>7 — Px>t, Py=11x>T
— Px>1Py—1Py_1x>7 + Px>t, Py=1Py—1)x>1
> Prex<t,Py=1— Pr<x<t,Py=1Py—1)x>T

Add Px>, Py—1x>7 to both sides and subtract Px>¢, Py=1Py—1x>7 from
both sides

Px>rPy_11x>7 — Px>1Py=1Py—1)x>T

> Px>t, Py—1)x>1 — Px>t, Py=1Py—1x>17 + Pr<x<t,Py=1 — Pr<x<t, Py=1Py—1)x>7

Note PT<X<t$Py:1 = (PX<tw — PX<T)PY=1 and add PX<TPy:1 to both
sides

Px>rPy—11x>7 — Px>1Py=1Py—1)x>7 + Px<1Py=1

> Px>t, Py—1x>1 — Px>t, Py=1Py—1x>7 + Px<t,Pv=1 — Pr<x<t,Py=1Py=1x>1

Subtract Px<rPy=1Py—1|x<r from both sides

Px>rPy—1x>7 — Px>1Py=1Py—11x>7 + Px<1Py=1 — Px<rPy=1Py—11x<T
> Px>t, Py—1)x>1 — Px>t, Py=1Py—1)x>1

+ Px<t,Py=1 — Px<rPv=1Py—1)x<1 — Pr<x<i, Pv=1Py=1)x>1

Divide both sides by Py—1(1 — Py—1) and factor



Px>rPy—yx>r Px<r(l—Py—yx<r) _ Px>t,Py—11x>1

Py (1—Py=1) Py=
N Px<t, = Px<rPy—1)x<r — Pr<x<t,Py—1)x>1
(1—Py—y)
We have
Q=T di, =1 ¢, >T di,>1

—1> —1
(a+0)t,=r  (b+d)e,=r (a+c)i,>r  (b+d),>r
Thus, Youd,—: > Youd;,~;. If the expression for Y oud; —r is greater than
the expression for Youd; 7 and the expression for Youd; —r is greater than

the expression for Youd,, ~r then it shows that the Youden’s Statistic is the
highest when ¢, =T.

A.3 Proof of Theorem 1 for Gini Index

Let X be a random variable and Y a dichotomous variable. Also, let T be
a threshold such that, Py_jx>7 > Py—ix<7- There are three possibe cases
that can occur when selecting a threshold for X, ¢,: (1) t, < T,(2) t, =T, and
(3) t; > T. The expression for the Gini Index, (P,(1 — P,)) — (a“—& + ccfd), for
each case can be found using the expressions for a,b,c, and defined in equations

1, 2, and 3. We can then show that the Gini Index is maximized when ¢, = T'.

A.3.a Consider the case where Px~;, > Pxs7. Start with what is given

Py_qy1x>17 > Py—1)x<T

Subtract Py_j|x<r from both sides

0 < Py—yx>7 — Py—1x<T

Square both sides

0 < (Py—ijx>7 — Proijx<r)’
Multiply

2 2
0<Py_yxsr — 2Py=1x>rPr=1jx<r + Py _qjx<r

Subtract P32’:1\X2T and P$:1|X<T from both sides

2 2
—Py_q 1 x>7 — Py—yx<r < —2Py—ix>1Py=1x<1

Multiply by Px>7P;, <x<T

2 2
(_Ptm<X<T)PXZTPY:1\X2T+(_PXZT)Ptz<X<TPY:1|X<T < =2Px>1Py—ix>rP, <x<rPy=1x<r



Note =P, «x<1 = Px>1 — Px>t, and —Px>1 = Pi,<x<T — Px>1,

2 2
(PXZT — PX>tw)PXZTPY:1|X2T + (Pt1,<X<T - PX>tw)th<X<TPy:1\X<T
< =2Px>1Py—1x>1P,<x<rPy=1x<T

Expand left hand side

(PX>tPY:1\X>t)2 - PX>thX>t(PY:1\X>t)2 + (Ptz<X<tPY:1|X<t))2 — Px>¢, (Ptz<X<t)(PY:1|X<t)2

< =2Px>1Py—1x>7Pt,<x<rPy—11x<T

Subtract (PXZTPY:1|X2T)2 and (th<X<TPy21‘X<T))2 from both sides

— Px>t, Px>1(Py—1)x>7)% = Px>t, (Pro<x<r)(Py=1)x<T)*
< = (Px>1Py_1x>7)* = (Pr,<x<rPy—1)x<1))* = 2Px>1Py—1)x>7 P, < x <Py 1 x<T

Factor right hand side

— PXZtIPXZT(PY:1|X2T)2 — Px>t, (Ptz<X<T)(PY:1|X<T)2

<= ((Px>rPy=1x>1 + (Ptm<X<T)PY:1|X<t))2

Add Px>t,(Pr,<x<7)Py—1)x<1r and Px>i, Px>7Py—1|x>7

Px>i, Px>1Py—1)x — Px>t, Px>1(Py—1)x>7)° + Px>t, (Pio<x<1)Py=1jz<T — Px>t, (Pio<x<7)(Py—1]x<T.
< Px>4, Pxs1Py—1)x>7 + Px>t, (Pro<x<r)Py—1x<7 — (Px>tPy—11x>7 + (Pro<x<1)Py—1)x<1))*

Factor

Px>i, Px>1Py—11x>7(1 = Py—11x>7) + Px>t,(Pr,<x<7)Py=1z<7(1 — Py—1)x<71)
<(Px>1Py—1x>7 + (Pr,<x<7)Py—11x<7)(Px>t, — (Px>1Py—1)x>7 + (Pr,<x<7)Py—1]x<T))

Divide by PXZta:

Px>rPy—1x>7(1 = Py=yjx>1) + (Pro<x<7)Py=1j2<7(1 — Py=1]x<7T)
_ (Px>1Py—1jx>1 + (P, <a<t)Py=11x<7)(Px>t, = (Px>1Py—1)x>7 + (Pt <o) Py—1)x<T))

Px>e,

Note P;, « x<7 = Px<7 — Px<t,-

Px>rPy_1x>7(1 = Py—1x>7) + (Px<1 — Px<t,)Py—1ja<7(1 — Py—1|x<1)
_ (Px>1Py—1jx>1 + (P, <a<r)Py=11x<7)(Px>t, — (Px>1Py=1)x>7 + (Pt, <o) Py—1)x<7))

Px>4,




Distribute

Px>1Py—11x>7(1 = Py=ijx>1) + Px<rPy=1ix<7(1 = Py=ijx<1) — (Px<t, Pr=1jx<7)(1 = Py=1)x<7))
(Px>1Py—1x>1 + (P, <x<1)Py=11x<7)(Px>t, — (Px>1Pyo1x>7 + (Pro<x<7)Pr=1)x<T))
Px>y,

Add (Px<¢, Py—1jx<7)(1 = Py—1)x<7)) to both sides

Px>rPy—1x>7(1 = Py—1x>7) + Px<7Py=1x<7(1 = Py—1)x<7)
((PXETPY:I\XZT + (Pr<x<r)Py=1jx<1)(Px>t, — (Px>1Pyo1jx>7 + (Pr,<x<7)Pr=1)x<T))

Px>y,

+ (Px<t, Py=11x<7)(1 = Py—1)x<71))

((PXZTPY:MXZT)(PXET — Px>1Py—_1x>7) n (Px<rPy—1)x<7)(Px<T — PX<TPY:1|X<T))
Px>r Pxr
((PXETPY:I\XET + (Pt <e<t)Py—11x<7)(Px>t, — (Px>1Py—1)x>7 + (P, <2<7)Py=1)x<1))
Px>y,

((Px<t,)Py=11x<1)((Px<t,) — (PX<tm)PY=1|X<T))
(Px<t,)

(Px<1Py—1x<1)(Px<T — PX<TPY:1\X<T))

(Px>1Py—1x>71)(Px>1 — Px>7Py—1|x>1) n
Px<rPy_1x<r + Px<1 — Px<rPy—11x<T

a Px>rPy_1x>7 + Px>1 — Px>1Py—11x>T
(Px>1Py-1x>1 + (Prococr) Py=1x<7)(Px>t, — (Px>1Py—1)x>7 — (Pr,<o<r)Py=11x<7))

> —
( Px>rPy—ix>7 + (Pro<a<r)Py=1)x<1 + Px>t, — (Px>1Py=1)x>7 — (Pro<a<1)Py=1x<1)

((Px<t,)Py—11x<1)((Px<t,) — (PX<tm)PY:1|X<T))
(Px<t,)Py=1)x<1 + (Px<t,) — (Px<t,)Py=1|x<T

ab cd

(B1-P) = G2+ =) > (B (- B) - (2 +-20)

Thus,

Gini,— > Giniy, <t

A.3.b Now consider the case where Px>:, < Pxsrp. Start with what is
given
Py_1x>1 > Py—11x<T

Subtract Py_j|x <7 from both sides



0 < Py—yx>7 — Py=1)x<T

Square both sides

0 < (Py—yx>1 — Py—ijx<1)?

Expand

0< (PY:HXZT)2 - 2PY:1\X<TPY:1|X2T + (PY:1|X<T)2
Add 2PY:1|X<TPY:1\XZT to both sides

2Py 1 x<rPy—1)x>1 < (Py—1)x>7)* + (Py=1x<1)’

Multiply both sides by Px 1 Pi<x<t, (

2 2
2Px <rPy—1|x<7Picx<t, Py=1)x>17 < Px<rPi<x<t,(Py—11x>7)"+Pi<x<t, Px<7(Py—1)x<T)

Multiply by -1

—2Px 1Py _1|x<1Picx<t, Py—1)x>7 < (—Px<1)Pic x<t, Py —11x57)°+(—Pic x<t, ) Px <1 (Py—1/x <)’

Note —P,cx<t, is (Pr<x<t, — Px<t,) to =Px <7 and (Px<r — Px<y,)

= 2Px <1 Py x<1Pi<x<t, Py=11x>T

< (Prex<t, — Px<t,)Prcx<t,(Py—ix>7)* + (Px<r — Px<t,)Px<r(Py—1x<71)?

Distribute

= 2Px<riPy—1x<rPicx<t, Py=1)x>T

2 2 2 2 2 2
< —Pxct, Prex<t,(Py=1x>7)" + Plex i, Py—1 x> — Px<t, Px<r(Py=1x<7)” + Px cr Py _1|x <7

Subtract P¥ Py _) xp and P?

2 .
i< x<t, Py —1|x>7 from both sides

— PYr Py xer — Plxco, Proyxsr — 2Px <1 Py—1)x <1 Picx<t, Py—1|x>T
< —=Px<t, Priex<t,(Py=1x>7)* — Px<t, Px<r(Py=1)x<7)"
Factor left hand side
— (Px<rPy_1jx<7 + (Picx<t,)Py—1)x>7)°

< —Px<i, Picx <, (Py—1x>7)* — Px<t, Px<i(Py—1)x<7)*

Add Px<, Pi<x<t, Py—1)x>7 and Px<;, Px <1 Py—1x < to both sides



2
Px<t, Px<rPy—11x<1 + Px<t, Picx<t, Pr=1)x>17 — (Px<1Py—11x<1 + (Pi<x<t, ) Py=1|x>T)
2
< Px<t, Prex<t, Py—1)x>1 — Px<t, Pi<x<t,(Py—1)x>7)" + Px<t, Px<7Py—1)x <17 — Px<t, Px<7(Py=11x <

Factor out Px <,

Px<i,(Px<rPy—ijx<r + (Picx<t,)Py=1)x>1) — (Px<rPy—1jx<1 + (Picx<t,)Pr—1x)°
< Pxct,Picx<t, Py—1jx>7 — Px<t, Pic x<t, (Py—11x>7)° + Px<t, Px <1 Py —1|x<7 — Px<t, Px<1(Py—1|x<

Factor

(Px<rPy=11x<r + (Prcx<t,)Pr=1)x>7)(Px<t, — (Px<1Py=11x<1 — Picx<t, Py=1)x>7))
< Px<t, Piex<t, Py—1jx>7(1 — Py—1jx>7) + Px<t, Px<tPy—1|x<7(1 — Py—1)x<7)

Divide by Px«:,

(Px<rPy—1)x<r + (Pi<x<t,)Py—11x>7)(Px<t, — (Px<7Py—1)x<17 — Pi<x<t, Py=1)x>7))

Px <4,
< Piex<t, Py—1jx>7(1 = Py—1x>7) + Px<7Py—1)x<7(1 — Py—1)x<7)

Separate Prcx«<¢, term

(Px<tPy—11x<t + (Pi<x<t,)Py—11x>¢)(Px<t, — (Px<tPy—11x<t — Picx<t, Py—1/x>t))

Px <4,
< Px>7Py—1jx>7(1 — Py—1jx>1) + Px<rPy—11x<7(1 = Py—1jx<1) — Px>t, Py—1)x>7(1 — Py—1|x>71)

Add PX>t1-PY:1|XZT(1 — PY:l‘XZT) to both sides

Pxsi, Py—1x>7(1 = Py—1)x>7)
(Px<rPy—1x<r + (Picx<t,)Pr=1x>7)(Px<t, — (Px<7Py—1|x<17 — Pi<x<t, Pr=1x>1))

Px 4,
< Px>rPy—1x>7(1 = Py—1jx>7) + Px<rPy—1|x<7(1 = Py—1x<7T)
Multiply by PX>t.7: and PXZT- Divide by PX>thY=1|X2T —+ (PX>tm —

Pxsi, Py—i|x>7 and Px<i Py 1| x <7+ (Pi<x<t, ) Py=1|x>17+(Px<t, —(Px <t Py=1|x <7~
Piex<t, Py—1)x>t))

Px>t, Py—1|x>7(Px>t, — Px>t, Py—=1x>t)

Pxsi, Py—1jx>7 + (Px>t, — Px>t, Py—1|x>1)
(Px<tPy—1)x<1 + (Pi<x<t,)Py—11x>7)(Px<t, — (Px<rPy—1x<1 — Pi<x<t, Py—1/x>T1))

Px<rPy_1x<r + (Picx<t,)Py—1)x>7 + (Px<t, — (Px<1Py—1)x <7 — Picx<t, Py—1)x>1))
(Px>1Py—1x>1)(Px>1 — Px>1Py—1x>1) (Px<7Py—1)x<7)(Px<T — Px<7Py—1)x<T)

Px>rPy—1x>7 + Px>1 — Px>1Py—11x>7 Px<rPy—1x<t + Px<1 — Px<rPy—1jx<T

10



Thus Gini;,~7 < Gini, —7 If the expression for Gini, —r is greater than
the expression for Gini., <7 and the expression for Gini; —r is greater than the
expression for Ginis,~7 then it shows that the Gini Index is the highest when
ty=T.

A.4 Proof of Theorem 1 for the chi-square Statistic

Let X be a random variable and Y a dichotomous variable. Also, let T" be
a threshold such that, Py_jx>7 > Py—ix<7- There are three possibe cases

that can occur when selecting a threshold for X, ¢,: (1) t, < T,(2) t, =T, and
(3) t; > T. The expression for the chi-square, =) (C(icfi;(lﬁ FICEDR
can be found using the expressions for a,b,c, and defined in equations 1, 2, and

3. We can then show that the chi-square is maximized when ¢, =T

for each case

A.4.a Consider the case where Px~:, > Pxs7. Start with what is given

Py_y x> > Py—1)x<T

Subtract Py_j x <7 from both sides

Py_y\x>17 — Py=11x<7 >0

Square both sides

(Py—1x>1 — Pr=1jx<1)> >0

Square both sides

(Py—11x>7)° = 2Py —1jx>7 Py —1jx<7 + (Py=1)x<7)*> > 0
Add 2PY:1|X2TPY:1\X<T to both sides

(Py—11x>7)* + (Py=1x<1)® > 2Py —1 x>7Py —1)x <1
Multiply both sides by (Py<1)? — (Pp<y, )?

(Pocr)? = (Poct,)?)(Py—1x27)" + (Pe<r)? = (Poct,)?) (Py—1x<1)
> 2((Po<r)?® = (Pu<t,)®)Py=1x>1Py—1)x <1

Distribute

(Pocr)’(Py—1)x57)> — (Poct,)*(Py—1x5>7)° + (Pocr)*(Py—1)x<7)® — (Poct,)*(Py—1x<7)”

> 2(Pycr)’Py 1) x>1Py—1jx < — 2(Poct,)* Py —1)x>7Py 1)x <1

Subtract 2(Py<r)? Py —1|x>1Py=1)x <7, add (Pr<t,)*(Py—1x>71)% and (Pr<t, )*(Py—1x <1)*

(Poct)?(Py—1)x57)% + (Pocr)®(Py—iix<7)? — 2(Poct)?Py—1)x>7Py —1)x <7

> (Pyct, ) (Py—1yx>7)? + (Poct, ) (Py—1yx<1)? = 2(Poct, ) Py—1)x>17Py <1 x<T
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Multiply both sides by (Px>7)%.
(Px>1)*(Pocr)?(Py—1x5>7)° + (Px>7)*(Poct)?(Py—11x<1)” — 2(Px>7)*(Pocr)’ Py—1)x>7Py—1)x <1
> (Px>1)*(Poct,)*(Py=1x>1) + (Px>1)*(Poct,)*(Py—1ix<71)” — 2(Px>7)? (Poct, )* Py =1)x>7 Py 1) x <T

Factor by difference of squares

(Px<rPx>1Py—1x>7—Px<rPx>1Py—1x<1)’ > (Px<t, Px>7 Py—1)x>7—Px <t, Px>1Py—1)x<1)”
On the left side, add and subtract Px>7Py—1x>7Px<rPy—1)x<1
(Px<rPx>7Py—1)x>7 — Px>7Py—1)x>7Px<17Py=1)x<T
— Px<rPx>7Py_1x<r + Px>1Py 1 x>7Px <1 Py—1)x<71)’

2
> (Px<t, Px>1Py—1)x>17 — Px<t, Px>1Py—1)x<71)

Thus, the left side factors by difference of squares

(Px>1Py—1jx>7(Px<r — Px<tPy_1)x<1) — (Px>1 — Px>1Py—1)x57)(Px<1Py—1)x<1))’

2
> (Px<t, Px>1Py—11x>1 — Px<t, Px>1Py—1)x<T)

On the right side, note —Px>7 = (Px<r — 1)

(Px>1Py—1)x>7(Px<r — Px<rPy—1x<1) — (Px>1 — Px>1Py—1)x57)(Px<1Py—1)x<1))*

> (Px<t, Px>1Py—1)x>7 + Px<t, Pr—1)x<7(Px<1 — 1))?

Distribute on the right

(Px>1Py—1x5>7(Px<r — Px<rPy—1)x<r) — (Px>1 — Px>1Py—1/x57)(Px<rPy—1)x<1))’

2
> (Px<t, Px>1Py=1)x>7 + Px<t, Py=1)x <1 Px<1 — Px<t, Py=1)x<7)

Also note Px<¢, + Px>:, = 1. So, multiply by 1 on the right

(Px>1Py—1x5>7(Px<r — Px<rPy—1)x<r) — (Px>1 — Px>1Py—1/x57)(Px<rPy—1)x<1))’

> (Px<t, Px>1Py—1)x>T + Px<t, Prei|x<7Px<r — Px<t, Py—1x<17(Px <t, + Px>t,))

Distribute on the right

(Px>1Py—1x>7(Px<r — Px<rPy—1)x<r) — (Px>1 — Px>1Py—1/x57)(Px<rPy—1)x<1))’
> (Px<t, Px>1Py—1)x>7 + Px<t, Pr—1jx <7 Px <1

2
— Px<t, Py—1|x<7Px<t, — Px<t, Py—1)x<7Px>t,)

On the right side, add and subtract (Px>7Py—1|x>7+(Px<r—Px<t,)Py=1)x<1)Px<t, Py=1)x <7

12



(Px>1Py—1x>1(Px<r — Px<rPy—1)x<r) — (Px>1 — Px>1Py—1/x>7)(Px<rPy—1)x <1))*
> (Px<t, Px>1Py—1)x>7 + Px<t, Pr—1jx <7 Px<T

— (Px>tPy=1jx>7 + (Px<1t — Px<t,)Py=1|x<7)Px<t, Py—1|x<T

— Px<t,Py—1x<rPx<t, — Px<t,Py—1)x<7Px>1,

+ (Px>1Py—1x>1 + (Px<r — Px<t,)Py—1)x<1)Px<t, Pr—1x<7)”

Factor the right side,

(Px>1Py—1)x>7(Px<r — Px<rPy—1)x<1) — (Px>1 — Px>1Py—1)x57)(Px <1 Py—1)x<7))*
> ((Px>rPy=ijx>1 + (Px<1 — Px<7)Py=1)x <7)(Px<T — Px<7)Py=1)x<T)

— (Px>t, — (Px>7Py—1jx>7 + (Px<1 — Px<7)Py—11x<7))(Px<t, Pr=1)x<7))*

Divide both sides by Px>7(l — Py=1)Px<7rPy=1 and we have

2 2
Xt,=T = Xt,<T

A.4.b Now consider the case where Px~:;, < Pxsrp. Start with what is
given

Py_y x> > Py—1)x<T
Subtract Py_j|x <7 from both sides

Py_qyx>17 — Py—1)x<7 >0
Square both sides

(Py—1x>1 — Pr=1jx<1)* >0
Square both sides

(PY:1IX2T)2 — 2Py x>rPy—11x<1 + (PY:1\X<T)2 >0
Add 2PY:1|XZTPY:1\X<T to bOth sides

(Py—1)x>7)* + (Py=1jx<1)? > 2Py —1)x>7Py—1)x <1
Multiply both sides by (Pys1)? — (Pyst, )?

(Pos1)? = (Post,)*) (Py—1)x57)° + (Pos1)® = (Past,)?) (Py—1jx <1)°
> 2((Pus1)? = (Past,)*) Py—1x>1Py—1jx <1

Distribute

(Pos1)*(Py—1)x57)> — (Post,)*(Py—1x5>7)° + (Pos1)*(Py—1)x<7)® — (Post,)*(Py—1x<1)”

> 2(Pos1)? Py 1) x> Py —1jx<7 — (Post,)* Py—1)x>17Py <1 x<T

13



Rearrange terms

(Pos1)?(Py—1)x57)° = 2(Pos1)* Py—1x>7Py—1)x <1 + (Pos1)?(Py =1 x<71)?

> (Post,)?(Py—1yxs>7)” = 2(Post, )’ Py x> Pr1ix <1 + (Post,)* (Py—1x<7)?

Multiply by (Px<7)?

(Pos1)*(Px<r)?(Py—1x>7)° — 2(Px<1)?(Pos1)*Py—1|x>17Py=1)x <1 + (Pos1)*(Px<1)*(Py—1x<7)*

> (Post,)*(Px<1)?(Py—1x>7)% = 2(Px<1)*(Post, ) Pr=1)x>17 Py =1)x <1 + (Px<1)*(Post,)*(Py=1)x<1)’

Factor

(Pes7)(Px<1)(Py—1)x>7) — (Pes1)*(Px <1)(Py—1x<1))
> ((Pest,)(Px<r)(Py—1x>7) = (Px<1)(Past,)(Py—1)x<1))’

Therefore,

2 2
(ata_'sztl'zT - btz:TCtm=T) > (a’t2>Tdtz>T - btz>Tctm>T)

and we have, X?m:T > sz>T If the expression for chifm:T is greater than
the expression for chifm <7 and the expression for chifm:T is greater than the
expression for chifm>T then it shows that the chi-square is the highest when
ty =1T.

A.5 Proof of Theorem 1 for Relative Risk

Let X be a random variable and Y a dichotomous variable. Also, let T be
a threshold such that, Py_jx>7 > Py—ix<7- There are three possibe cases
that can occur when selecting a threshold for X, ¢,: (1) t, < T,(2) t, =T, and

(3) ty > T. The expression for the Relative Risk, ?%315)) , for each case can be
found using the expressions for a,b,c, and defined in equations 1, 2, and 3. We

can then show that the Relative Risk is maximized when ¢, = T.

A.5.a Consider the case where Pys:, > Pxs>7. Start with what is given

Py_q x> > Py—1x<T

Multiply both sides by Py_jx<r

2
Py_1x>17Py—11x<r > (Py=1)x<71)

Set equal to 0

0> —Py_ix>7Pyro1jx<r + (Py=1)x<7)’
Multiply both sides by (Px<t, — Px<7T)
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0> —Py_yx>7Py—1x<r(Px<t, — Px<1) + (Px<t, — Px<1)(Py—1jx<1)

Replace PX<tm with (1 — PX>tx) and Px 7 with (1 - PXZT)

0> —Py_1x>7Py—1)x<7((1=Px>¢,)—(1=Px>7))+(Px<t,— Px<1)(Py—1)x<7)*

Distribute

0> —Py_1x>7Py—1|x <1 Px>t,+ Py—1|x>7 Py =1)x <7 Px>7)+ (Px<t, —Px <1)(Py—1)x<1)*

Add Py_q x>17Py—1x<7Px>t, to both sides

Py_1\x>7Py—1)x<tPx>t, > Py—1)x>7Py=1x <7 Px>1)+(Px<t,—Px<1)(Py—1x<71)*

Factor out Py_j|x <7 from the left side

Py x>17Py—1x<1Px>t, > Py—1)x<7(Py—1x>7Px>7+(Px<t,—Px<1)Py—1)x<T)
Divide both sides by (PY:HX<T)2PX>tI

Py_1 x>t - Py_1x>7Px>1 + (Px<t, — Px<1)Py—1)x<T

Py x<r Py 1) x<rPx>t,
Multiply the left side by };;iiii;(j and the right side by 1;);72‘?

Px>rPy—1x>1Px<r S Py_1x>17Px>7 + (Px<t, — Px<7)Py—1)x<7Px<t,
Px<rPy_1 x<7Px>T Px i, Py—1|x <7 Px>t,

Thus RR;,—17 > RR:, <1

A.5.b Now consider the case where Pxs:, < Pxsr. Start with what is
given

Py_q x> > Py—1)x<T

Multiply both sides by Py—i x>1

2
(Py—11x>71)" > Py—1x>rPr—1jx<1

Set equal to 0

(Py—1x>7)? = Py—1jx>1Py—1jx<7 >0
Multiply both sides by (Px<t, — Px<T)

15



(Px<t, — Px<r)(Py=1)x>7)* — (Px<t, — Px<1)Py—1)x>7Py=1)x<1 > 0

Factor out a negative 1

(Px<t, = Px<r)(Py—1x>7)" + (Px<r — Px<t,)Py—1)x>7Py—1)x<1 > 0

Distribute

Px i, (Py—11x>7)°—Px<1(Py—1,x>7)°+Px <1 Py —1)x57 Py —1)x <7— Px <t, Py —1)x>7 Py —1)x <7 > 0

Add Px <, Py—1|x>17Py=1]x <7 to both sides

2 2
Px i, (Py—1x>7)"—Px<1(Py=1)x>7)"+Px <7 Py—11x>7Py=1)x <17 > Px<t, Py—1|x>7Py=1)x <1

Factor out Py_y x> from the left

Py x>7(Px<t,(Py=11x>7)—Px<1(Py=1x>7)+Px<1Py—1)x<1) > Px<t, Py—1)x>7Pr=1)x <1

Divide both sides by PY:1|X<T and (PX<t1, (PY:HXZT)_PX<T(PY:1|XZT)+
Px<rPy_1x<T)

Py_yx>1 Px <, Py—1x>T

Py_1x<r = (Px<t,(Py—1jx>1) — Px<t(Py=1)x>1) + Px<7Py—1)x<T)

; Pxsr Px<r Px >,
Multiply by P Paor and Prer

Px>rPy—1x>rPx<r Px>t, Px<t, Py=1)x>T

Px<rPy_1 x<rPx>7  (Px<t,(Py=1)x>7) — Px<7(Py=1|x>7) + Px<rPy—1|x<7)Px>t,

Thus RR:,—7 > RR: -7 If the expression for RR; —r is greater than the
expression for RR; -7 and the expression for RR; —r is greater than the ex-
pression for RR; -7 then it shows that the Relative Risk is the highest when
t, =T.

A.6 Proof of theorem 1 for Kappa statistic

Let X be a random variable and Y a dichotomous variable. Also, let T be
a threshold such that, Py_x>7 > Py—1x<7- There are three possibe cases
that can occur when selecting a threshold for X, ¢,: (1) t, < T,(2) t, =T, and
(3) t, > T. The expression for Kappa, (aTi)(z;g_‘%;%_‘lcﬁ)gﬁ)ré)fg)d)), for each
case can be found using the expressions for a,b,c, and defined in equations 1, 2,

and 3. We can then show that Kappa is maximized when ¢, = T.
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A.6.a First we want to show that Kappa: —7 > Kappas, <7
We begin with the true statement

Px <1 > Px <y,

Note (PXZtI + Px<t1) =1

Px<r(Px>t, + Px<t,) > Px<t,

Distribute and set equal to 0

PxrPx>t, — Px<t, + Px<1Px<t, >0

Factor out Px <+,

Px«rPx>¢, — Px<t,(1 = Px<7) >0

Note 1 — PX<T = PXET

Px<1rPx>t, — Px<t,(Px>7) >0
Add Px <, (Px>T) to both sides

Px <1 Px>t, > Px<i, (Px>T1)
Multiply both sides by (1 — Py—1)

Px<rPx>¢,(1 = Py—1) > Px<y, (Px>71)(1 — Py—1)
Distribute

Px «7Px>t, — Px<7Px>t, Py—1 > Px<t, Px>17 — Px<t, Px>1Py=1

Add Px <7 Py=1Px<t, to both sides

Px «1Px>t, +Px<rPy-1Px<t,— Px<7Px>t,Py=1 > Px<t, Px>17+Px<t, Pr=1Px<7—Px<t, Px>7Pr=1

Factor both sides

Px <1 Px>¢,+Px <1 Py—1(Px<t,—Px>t,) > Px<t, Px>1+Px<t, Py=1(Px<7—Px>7)

Factor Px«r and P;,

Px <p(Px>t, + Py=1(Px<t, —Px>t,)) > Px<t,(Px>1+Py=1(Px<7—Px>1))

Divide by Px>¢, +Py:1(PX<tI _PXth) and Px>r +Py:1(PX<T _PXET)
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Pxr - Px 4,
Px>1 4+ Py—1(Px<r — Px>1)  Px>i, + Py=1(Px<i, — Px>t,)

Multiply by 2Px>7(Py—1x>1 — Py—1)x<T)

2Px>1Px<r(Py=1)x>7 — Py=1jx<1) _ 2Px<t, Px>7(Py=1)x>7 — Pr=1)x<7T)
Px>7+ Py—1(Px<r — Px>T) Px>¢, + Py—1(Px<t, — Px>¢,)

Thus Kappa,, -1 > Kappat,<7. If the expression for Kappa;, —r is greater
than the expression for Kappa:, ~7 and the expression for Kappa;, —r is greater
than the expression for Kappa;, 7 then it shows that the Kappa is the highest
when t, =T.

A.6.b Next we show Kappa,,—1r < Kappai,<T

Px>7 > Px>y,

Note that Px<¢, + Px>t, =1

Px>7(Px<t, + Px>t,) > Px>1,

Distribute and set equal to zero

Px>1Px<t, — Px>t, + Px>1Px>t, >0

Factor out Px >,

Px>1Px<t, — (1 — Px>1)Px>t, >0

Note 1 — PXET = PX<T,

Px>1Px<«t, — Px<1Px>t, >0
Add Px<71Px>t, to both sides

Px>1Px <, > Px<7Px>¢,

Subtract Px>7Px>¢, from both sides

Px>tPx<t, — Px>7Px>t, > Px<rPx>t, — Px>17Px>t,

Factor each side and multiply by 2

2Px>7(Px<t, — Px>t,) > 2Px>¢,(Px<t, — Px>t,)
Multiply both sides by (P =Y =1|X >T — Py_,)

2Px>p(P=Y =1|X > T—Py=1)(Px<i,—Px>t,) > 2Px>,(P=Y =1|X > T—Py—1)(Px<t,—Px>t,)
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Add 2PX2T(P =Y = 1|X Z T — PY:I)PXZtI to both sides
2Px>r(P =Y =1|X > T — Py=1)Px>t, + 2Px>r(P =Y =1|X > T — Py—1)(Px<t, — Px>t,) >
2Px>r(P =Y =X 2T = Py—1)Px>t, + 2Px2t, (P =Y =1|X 2 T — Py—1)(Px<t, — Pxzt,)

Factor both sides

(2Px>7(Py=1x>1 — Pr=1))(Px>t, + Pr=1)(Px<t, — Px>1,)) >
(2Px>1, (Py=1x>1 — Pr=1))(Px>1 + Py=1)(Px<r — Px>1))
Divide both sides by Px>¢,+Py—=1)(Px<t, —Px>t,) and Px>7+Py—1)(Px<7—

Px>T)

2Px>1(Py=1x>1 — Py=1) 2Px>t, (Py=ix>r — Py—1)
Px>r+ Py—1)(Px<r — Px>1) = Px>t, + Py=1)(Px<t, — Px>t,)

Thus, Kappa,—7 > Kappay, 7.
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