H

i
G

ELSEVIER

Physica D 106 (1997) 247-254

PHYSICA [

Finding the optimal path with the aid of chemical wave
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Abstract

It is shown that the optimal path in a two-dimensional vector field is deduced by the use of chemical wave in the Belousov—
Zhabotinsky reaction (BZ reaction). We also reproduced our experimental result in a numerical simulation based on a two-
variable reaction—diffusion equation. The present result provides a simple model for the future application of excitable media
to parallel computing, i.e., an excitable medium serves as a self-organized parallel processor.
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1. Introduction

Recent studies have shown that it is possible to use
chemical concentration waves for computational op-
erations; e.g., in image processing [1,2]. The basic
idea is to use a chemically active medium (non-stirred
layer of an oscillating reaction) as a parallel multi-
processor (matrix) unit, where each micro-volume can
be regarded as a one-bit-processor, corresponding to
the reduced/oxidized state of the catalyst [1,3,4]. By
controlling the rate of oscillation and the phase, it is
possible to achieve desirable patterns such as edge
enhancement and black~white reversal. Such exter-
nal control has generally taken the form of illumina-
tion in the photosensitive Belousov—Zhabotinsky (BZ)
reaction [1,2,6-8].

* Corresponding author.

In the present work, we show that the same chemical
system can be used not only for image processing,
but also for solving a general optimization problem:
i.e., finding the fastest path between two points in an
arbitrary velocity field.

2. Problem

If we need to find the fastest path from point A to
point B in a uniform space, it is just a straight line
connecting these points. However, if we suppose that
the velocity is a function of location, i.e., V(x, y), the
quickest poth is not always a straight line. Determining
this trajectory is an enormous computational task, even
with a modern computer.

One approach is to create a motion chart [5] in
which the entire space is covered by isochrones, lines
(in a two-dimensional space) consisting of points
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Fig. 1. Scheme of finding the optimal path in an arbitrary velocity field.

which are equally distant from the initial point. This
can be accomplished if an “excitation” wave is trig-
gered from point A, and then propagates throughout
the space with a local speed of propagation V (x, y),
as shown in Fig. 1(b). By recording the profile of
the wave front at a desired time interval, we obtain
the necessary motion chart. After the wave reaches
the destination point B, we stop to record the wave
front. Thus, the set of isochrones of chemical wave
from point A is obtained (Fig. 1(b), thick lines). The
next step is to start the wave from point B (Fig. 1(b),
thin lines) and to find the intersection points where
the second propagating wave crosses the first waves’
isochrones. The set of the crossing points gives us
the track of the quickest path from point A to point

B (Fig. 1(b), dotted line). With such a procedure, we
can find the optimal path not only in uniform velocity
field but also in arbitrary velocity field. A unique type
of velocity field is a labyrinth (Fig. 1(c)), in which
the velocity along the rows or corridors is constant
and zero at the walls [8].

The method described above is more efficient if it
is solved by a parallel-multiprocessor computer. Ide-
ally, each element of the space is represented by its
own processor. This elementary processor can be rela-
tively simple. It must exhibit only three states, “rest”,
“excited” and “refractory” (to prevent backward prop-
agation), and it must be able to transfer excitation to
its neighboring elements which are in the “rest’state.
To vary the wave speed, the time at which excitation
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is transferred must be controllable. In fact, such a net-
work of locally connected trigger processors exhibits
most of the general features in various excitable bio-
logical and chemical media [9].

The excitable medium in the BZ reaction is be-
lieved to meet these conditions. It can provide easily
observable propagating excitation waves which can be
controlled either chemically or by light illumination
[5-7,10,11]. In the present study, we used the BZ re-
action as an experimental model system of parallel
processing and performed computer simulations for a
theoretical interpretation of the problem.
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Fig. 2. View of the experimental setup.

|<—10 mm—>|

3. Experimental results

Chemically active medium was prepared from an-
alytical grade reagents (Tokyo Kasei). The medium
was composed of NaBrOs, 0.3M; H,SOy4, 0.15M;
CH; (COOH),, 0.1 M; CHBr(COOH),, 0.1 M; and
Fe(phen);, 0.005 M. The temperature was maintained
at 20°C. Fig. 2 shows the general experimental setup.
5 ml of the chemical medium was placed in a petri dish
(9 cm dia.) illuminated from below. The wave propa-
gation and the pattern was monitored with a CCD cam-
era connected to a VCR. The images were captured
with a frame grabber (DTS5, Data Translation) and
the records were analyzed by computer using Global
Lab Image (Data Translation).

Obstacles were created in the reaction medium ei-
ther by adding a drop of KCI [11,12], or by strong
light illumination (Fiber Light FL-50, Shimadzu Rika
Instruments). We have noticed that the ferroin version
of the BZ reaction also responds to light illumination,
as does the ruthenium-bipyridyl catalyzed version,
although to a lesser extent. Fig. 3 exemplifies the prop-
agating wave passing by (a) a spot of strong illumina-
tion, and (b) a chemical obstacle.

The problem is how to determine the quickest
path between two points in the medium (A and B)

|<—10 mm

Fig. 3. Experimental result on the excitation wave propagation in a medium with inexcitable obstacle: (a) suppression by light
illumination; (b) suppression by small amount of KCI solution. In order to show the actual configuration, square lattice with the

spacing of 10 mm is given in the pictures.
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situated on opposite sides of the obstacle. For this
purpose, a chemical wave was initiated at point A by
carefully touching the solution with a silver wire [10—
12]. After this wave propagated and passed over point
B, a second “backward” wave was generated at point
B. The profile of the propagating wave was recorded
with VCR. Fig. 4 shows a snapshot of the propagat-
ing wave triggered at point A, where the wave fronts
are represented by white stripes. Thus, we obtain a
set of isochrones. in Fig. 4, “backward” propagating
wave from point B is shown in black. The dotted
line is the connecting line of the intersecting points
smoothly, corresponding to the shortest path between
A and B. The spacial resolution of the optimal path
becomes better, if the number of the frames is in-
creased to obtain the crossing points. In this case, the
actual experimental time to obtain the optimal path
was about 15min for a distance between A and B of
about 20 mm.

Although the BZ medium reaction permits more
complex patterns [1,2,6-8], in the present study we
would like to try to develop the theoretical backgound
of this interesting methodology.

4. Computer simulations

Computer simulations were performed with a two-
variable model of the Ferroin-catalyzed BZ reaction
developed by Rovinsky and Zhabotinsky [13], in
which the rate constants were the same as those re-
ported previously [14]. This model has been verified
experimentally to simulate the spatio-temporal pattern
in the BZ reaction [14-16]. According to this model,
the dynamics in a well-stirred vessel can be described
by the following differential equations for the autocat-
alytic variable (x) and the metal catalyst (z) [13,14]:

dx 1 z X — U
— = l—x)—{2 ,
=2 [xa -0~ (e v ) 1]

dz

=X , 1
dr * o(l -z ()
where
k1A
[metal catalyst] =Cz, [HBrO,] = —l—x,
2ky
kiA kaks B
&= —, o= ——_
ksyC (ky Ahg)?
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Fig. 4. Experimental result on the tracking of the optimal path between points A and B, placed at different sides of the obstacle.
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Fig. 5. Computer simulation on the tracking the optimal path between points A and B, placed at the opposite sides of an obstacle.
Above: Examples of the propagating waves from A (left) and B (right). Below; Superposition of the chemical wave.

- kaC g 2kekisB B = [CH,(COOH),] + [CHBr(COOH)].
- k] - 2 k] - 2 .

klkS (klA) hO (klA) hO C = [Fe(phen)3H] + [Fe(phen)3m],
In our case,

I
[metal catalyst] = [Fe(phen);™], ho: acidity function, ¢ = 0.6 is a stoichiometric factor,

A = [NaBrOs], and k; rate constants.
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Fig. 6. Computer simulation on the tracking of the optimal path in a field of non-uniform velocity. Note the computed path is not
a straight line, but deviated upward where the propagation velocity is higher. Above: Examples of the propagating waves from A
(left) and B (right). Below: Superposition of the chemical wave.

The calculations were carried out for a BZ reaction a+by. The constants a and b were chosen so that the
with the following composition: A = 0.2, B = 0.2, acidity varied from 0.1 at the bottom of Fig. 6 to 0.25
C = 0.005. The value of hy was taken as 0.15 for the at the top.
simulation in Fig. 5. For the simulations in Fig. 6, hg The rate constants k; were rescaled to 20°C using

is a function of the spatial coordinate,i.e., Ap(x, y) = the Arrhenius dependence described in [13].
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To study spatio-temporal effects, we added diffusion
terms to Eq. (1):

dx Fx,o+ A

— = F(x, X,

dr ¢ P

dz

E = G(x,2) +5§§Z, )
kiA%ho |

pi =Tri| == ,
kaC D,

where F(x,z) and G(x, z) are the terms on the right-
hand side of Eq. (1), r; is a spatial coordinate, p; a
scaled spatial coordinate, A, the Laplacian operator
with respect to coordinates p, and § = Dz/Dy is
the ratio of the diffusion coefficients. We assume that
D,=D,=2x 103 em? s 1.

The computations were carried out in a two-
dimensional array of 200 x 200 elements using
Euler’s explicit method of integration and Neumann’s
(“no flux”’) boundary conditions. The space and time
steps were b, = 0.1 mm and A, = 0.1 s, respectively.
A further decrease in h, and h, did not markedly
improve the accuracy of the calculations.

Fig. 5 illustrates the procedure for evaluating the op-
timal path when there is an obstacle between points A
and B. The actual procedure to obtain the optimal path
is just the same as in the experiment (see Fig. 4). The
path between A and B is tangent to the obstacle. Fig. 6
shows the optimal path between two points when the
velocity is not a constant, but changes gradually from
the minimal value at the bottom to the maximal value
in the upper part of the chemical medium. This veloc-
ity field was simulated by imposing a permanent gra-
dient of acidity. The fastest path in this case is clearly
not a straight line, but rather deviates upward to fol-
low the field with the higher velocity.

Thus, it becomes clear that the combination of ob-
stacles and gradients in the velocity field gives us a
novel method for finding the optimal route in a veloc-
ity field.

5. Discussion and conclusion

We have shown the applicability of chemical wave
to a computation problem, besides image processing

[1-3]. With the aid of a chemical excitable medium,
we can solve at least one general optimization prob-
lem; i.e., finding the quickest path between two points
in a velocity field.

There are many considerations for the future ap-
plication of chemical computers based on the BZ
reaction. It is possible to estimate some technical
characteristics of such a device. The efficient size of
a “single element” (definition scale) is on the order
of the diffusion length, ca. 0.1 mm. Thus, a 9 cm petri
dish contains more than 600000 processors, working
in parallel. However, the rate of each processor in this
system is extremely slow: the characteristic speed of
wave propagation, about 0.05mms~!, yields about
1 switch per 2s. This means that, even considering
the large number of “processors”, we cannot obtain a
computation rate of greater than 300000 operations
per second. This is about 100-hold slower than that in
a modern PC. It may be very difficult to increase the
oscillation rate in the BZ reaction by a factor of 100.

Nevertheless, our system provides a relatively sim-
ple and evident model for future studies of how to use
excitable media for information processing. Indeed, if
it would be possible, based on the modern technology,
to find or to design an excitable system 100 times faster
than the BZ medium, it will open a new era on com-
puter processing. At present, we can only expect that
such an excitable medium could be developed by the
aid of molecular electronics, as a network of molecu-
lar triggers.
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